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Introduction 



The Bloch-Wigner theorem appears in different areas of mathematics. It 
appears in Number theory, in relation with the dilogarithm function [■]]. It 
has a deep connection with the scissor congruence problem in three dimen- 
sional hyperbolic geometry [6], [15]. In algebraic .ff -theory, it appears in 

PH ■ connection with the third -ftT-group [21], etc. 

^ <~| This theorem was proved by Bloch and Wigner independently and in a 

somewhat different form. It asserts the existence of the exact sequence 

_> Q/z - H 3 (SL 2 (F),Z) - p(F) - /\lF x - K 2 (F) - 0, 

where i* 1 is an algebraically closed field of char(i ? ) = and p(F) is the pre- 
J> ■ Bloch group of F. A precise description of the groups and the maps involved 

ON \ will be explained in this paper. See also [6] or [17] for an alternative source. 

In his remarkable paper [21], Suslin generalized this theorem to all infinite 
^q fields. He proved that for an infinite field F, there is an exact sequence 

[^ ; - Torf(fi F ,fi F r - K 3 (Fr d -► p(F) -► (F x ® z F x ) a -► K 2 (F) -► 0, 

where Tor x (/ip, juf)~ is the unique nontrivial extension of Tor x (/xp, /ip) by 
O ■ Z/2 and i-f 3 (F) ind := coker (ii^ (F) -> Jr 3 (F)) is the indecomposable part 

of K 3 (F). 
k>( ; It is very desirable to have such a nice result for a much wider class 

5_i ■ of rings, such as the class of commutative rings with many units (see for 



example [5]). The purpose of this article is to provide a version of Bloch- 
Wigner theorem over the class of rings with many units. To do this, we shall 
replace K 3 (R)' md or H (R* , i? 3 (SL 2 (i?),Z)) with a group "close" to them. 
Here we establish the exact sequence 

Torf (jt R , fi R ) - H 3 (SL 2 (R),Z) - p(R) - (tf x ® z i? x ) CT - K 2 {R) -► 0, 

where -^(SL^i?)^) is the group 

ff 3 (GL 2 (i?), Z)/im(H 3 (R x ,Z) + R x ® H 2 (R X , Z)) . 

Hereim(ff 3 ( J R x ,Z) + J R x ®i? 2 (ii x ,Z)) C ff 3 (GL 2 (.R), Z) is induced by the 
diagonal inclusion of R x x R x in GL 2 (i?). Moreover when R is a domain 
with many units, e.g. an infinite field, then the left hand side map in the 
above exact sequence is injective. 

i 
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When we kill two torsion elements in H 3 (SL 2 (R),Z) or when R y 
we get a familiar group, that is 

H 3 (SL 2 (R),Z[l/2}) ~ H (R x ,H 3 (SL 2 (R),Z[l/2])) 



R> 



H 3 (SL 2 (R),Z), respectively. We should also mention 

±K 3 (R)' md ®Q 



or H 3 (SL 2 (R),Z) 
that, 

H 3 (SL 2 (R),Q) ~ F (i? x ,if 3 (SL 2 (i?),( 

(see [7] or [14] for the second isomorphism). 

Let k be an algebraically closed field of char (A:) 7^ 2. If i? is the ring of 
dual numbers fe[e] or a local henselian ring with residue field k, then we have 
the Bloch-Wigner exact sequence 

Tbrf(Mfl,/Xfl) - ^3(SL 2 (i2),Z) -► p(i?) -► (tf x g> z i? x ) CT -► # 2 (i?) - 0. 

Moreover when i? is a henselian domain or a fc-algebra with char(/c) = 0, 
then the left-hand side map in this exact sequence is injective. Furthermore 
if char(A;) = 0, H 3 (SL 2 (R), Z) reduces to K 3 (R)' md . 

In some cases, we also establish a 'relative' version of Bloch-Wigner exact 
sequence. 

To prove our main theorem, we introduce and study a spectral sequence 
similar to the one introduced in [12]. This spectral sequence has a close con- 
nection to the one introduced in [21, §2], but it is somewhat easier to study. 
Our main result comes out of careful analysis of this spectral sequence. 

Notation. In this paper by Hi{G) we mean the homology of group G with 
integral coefficients, namely Hi(G,Z). By GL n , (resp. SL n ) we mean the 
general (resp. special) linear group GL n (R) (resp. SL n (R)). If A — > A' is 
a homomorphism of abelian groups, by A' /A we mean coker(A — ► A'). We 
denote an element of A' /A represented by a' E A' again by a'. If Q = Z[l/2] 
or Q, by Aq we mean A ®% Q. 

1. Bloch groups over rings with many units 

Let R x be the multiplicative group of invertible elements of a commuta- 
tive ring R. Define the pre-Bloch group p(R) of R as the quotient of the 
free abelian group Q(R) generated by symbols [a], a, 1 — a £ R x , to the 
subgroup generated by elements of the form 
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where a, 1 — a, b, 1 — 6, a — b E R x . Define 

A' : Q(R) -► R x ® # x , [a] 
Lemma 1.1. If a, 1 — a,b,l — b,a — b E R x . 



then 



(l-o). 



X'([a]-[b] + 
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Proof. This follows from a direct computation. 
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Let (R x ®R x ) a :=R X ®R x /(a®b + b®a : a,b £ R x ). We denote the 
elements of p(R) and (R x (g> R x )a represented by [a] and a ® b again by [a] 
and a (g) b, respectively. By Lemma 1.1, we have a well-defined map 

A :p(R) -► ( J R X ®R x ) a , [a] i->a<g>(l-a). 

Definition 1.2. The kernel of A : p(#) -> ( J R X (g> J R X ) CT is called the 5Zoc/i 
group of i? and is denoted by B(R). 

Remark 1.3. This version of the pre-Bloch group and the Bloch group of a 
commutative ring is due to Suslin [21, §1]. We refer to [11] and [17] for more 
information in this direction. 

In this article we will study Bloch groups over the class of rings with many 
units, which seems the appropriate class of rings to study them. 

Definition 1.4. We say that a commutative ring R is a ring with many 
units if for any n > 2 and for any finite number of surjective linear forms 
fi : R n — ► R, there exists & v £ R n such that, for all i, fi(v) £ R x . 

For a commutative ring R, the n-the Milnor i^-group K^f(R) is defined 
as an abelian group generated by symbols 

{oi, • • • ,«n}, ai £ R , 

subject to multilinearity and the relation {a\, . . . , a n } = if there exits i,j, 
i t^ j, such that a\ + aj = or 1. 

Lemma 1.5. Let R be a commutative ring with many units. Then 

K^(R) ~ R x R x /(a (1 - a) : a, 1 - a £ R x ). 

Proof. See Proposition 3.2.3 in [9]. □ 

Therefore for a ring R with many units we obtain the exact sequence 

-► B{R) -► p(J2) A (#>< ® ijx), -, i^(i?) -> 0. 

The study of rings with many units is originated by W. van der Kallen in 
[23], where he showed that Ki of such rings behaves very much like Ki of 
fields. In fact he proved that when R is a ring with many units, then 

K 2 (R) ~ K^(R). 

Here we give a new proof of this fact (Corollary 4.2). See [16, Corollary 4.3] 
for another proof of this fact. 

Important examples of rings with many units are semilocal rings which 
their residue fields are infinite. In particular for an infinite field F, any 
commutative finite dimensional .F-algebra is a semilocal ring and so it is a 
ring with many units. 

Remark 1.6. Let R be a commutative ring with many units. It is easy to see 
that for any n > 1, there exist n elements in R such that the sum of each 
nonempty subfamily belongs to R x [9, Proposition 1.3]. Rings with this 
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property are considered by Nesterenko and Suslin in [16]. For more about 
rings with many units we refer to [23], [16], [9] and [13]. 

In the rest of this article we always assume that R is a commutative ring 
with many units, unless it is mentioned otherwise. 

2. HOMOLOGICAL INTERPRETATION OF BLOCH GROUP 

Let Ci(R 2 ) be the free abelian group with a basis consisting of (Z+l)-tuples 
((vo), . . . , (vi)), where every min{Z + 1, 2} of Vi G R 2 is a basis of a direct 
summand of R 2 . Here by (vi) we mean the submodule of R 2 generated by v^. 
We consider Ci(R 2 ) as a left GL2-module in a natural way. If it is necessary 
we convert this action to the right action by the definition m.g := g~ l m. 
Let us define a differential operator 

di : a(i? 2 ) -► a_i(i? 2 ), i>i, 

as an alternating sum of face operators di, which throw away the i-th com- 
ponent of generators and let do : Cq(R 2 ) — ► Z, J2i n i(( v i)) l— > Si n «- The 
complex 

C* : > C 2 (R 2 ) -^ d(R 2 ) -^ C Q (R 2 ) ^ Z -^ 

is exact. (This follows from [13, Lemma 1]). By applying the functor H to 

C 4 (R 2 ) -► ^(it! 2 ) -► ^(^(fl 2 )) -► 0, 
we get the exact sequence 

C a {R 2 )gu - Ca^JcLa - ^o(GL 2 ,9 3 (C7 3 (^ 2 ))) - 0. 
For simplicity we use the following standard notation 

oo:=(ei), := (e 2 ), l:=(ei+e 2 ), 6 _1 := (ei + 6e 2 ). 

Denote the orbit of the frame (oo, 0, 1, a" 1 ) G C 3 (i? 2 ) by p(a) and the orbit of 
the frame (oo, 0, l,a, 6 _1 ) G Ci(R 2 ) byp(a, b), where a, I— a, b, 1—6, a— 6 G 
R x . Then 

C 3 (R 2 hu = ]J Z -P( a )' ^(fl^Gl* = ]JZ.p(a,6). 

a a, ft 

Now a direct computation shows that 

(1) H Q (GL 2 ,d 3 (C 3 (R 2 )))~p(R). 

From the short exact sequence — >■ di(C\(R 2 )) — > Cq(R 2 ) 4 Z -» we 
obtain the connecting homomorphism H 3 (GL 2 ) — > -ff 2 (GL 2 ,3i(Ci(i? 2 ))). 
By iterating this process, we get a homomorphism 

rf : if 3 (GL 2 ) - H (GL 2 ,d 3 (C 3 (R 2 ))) ~ p(R). 

Since Cq{R 2 ) — > Z has a (i? x x i? x )-equi variant section m 1— ► m(0), the 
restriction of 77' to H 3 (R X x i? x ) is zero. Thus we obtain a homomorphism 

r, : H 3 (GL 2 )/H 3 (R X x i? x ) - p(fl). 
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Proposition 2.1. Let R be a ring with many units. Then n is injective and 
B(R) is its homomorphic image. That is 

B(R)~H 3 (GL 2 )/H 3 (R* x R x ). 

We will postpone the proof of this proposition to Section 4. 

Remark 2.2. Let GM2 denotes the subgroup of monomial matrices in GL2. 
By a well known result of Suslin, for an infinite field F, 

B(F) ~ H 3 (GL 2 (F))/H 3 (GM 2 (F)), 

[21, Theorem 2.1]. In [21, Remark 2.1], Suslin claims that most of the times 
im(iJ 3 (GM 2 (F)) -» H 3 (GL 2 (F))) is strictly larger than im(H 3 (F x xF x )^ 
H 3 (GL 2 (F))y. It appears that this claim is not true due to Proposition 2.1 
above. 

3. The spectral sequence 
Consider the complex 

— HxiX) -U C^R 2 ) — ► C (R 2 ) — 0, 

where H\(X) := ker(<9i). (See Remark 1.1 in [12] for an explanation for the 
choice of the notation). Set Li = Ci(R 2 ) for i = 0,1, and L 2 = H\(X). 
Let F* — > Z be the standard resolution of Z over GL2 [4, Chapter I, §5]: 

>F2 ±+ Fl A+ Fo ^z^o. 

From the double complex C*,* := F* (8>gl 2 L*, C va := F q (£>gl 2 L p , one 
obtains a first quadrant spectral sequence 



E 1 



H q (GL 2 ,C p (R 2 )) ifp = 0,l 

H q (GL 2 , ^(X)) ifp = 2 ^H p+q (GL 2 ). 

if p > 3 



Using the Shapiro lemma [1, Chapter III, Proposition 6.2] and a theorem of 
Suslin [20, Theorem 1.9], [9, 2.2.2], 

E\ q ~ F g (i? x x i? x ), for p = 0, 1. 

It is not difficult to see that 

dj, g = ffg(a) - ff,(id), 

where a : i? x x R x — ► i? x x i? x , (a, 6) i-> (6, a). 

Lemma 3.1. J5? = 0. 
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Proof. Consider the following commutative diagram with exact columns 
F q+1 ® G L 2 H X (Y) F q ® GU H X (Y) F q _ x ® GU H X (Y) 



F q+ i ®GL 2 Ci(i? 2 ) F q ® G L 2 d(R 2 ) F q _ X ® G L 2 d(R 2 



F q+ i ®gu C (R 2 ) F q ® G L 2 C (R 2 ) F q ^ ® G l 2 C {R 2 ). 

Let x®(oo,0) G F q (E)GL 2 Ci(R 2 ) represents an element of H q (GL 2 , C\(R 2 )) ~ 
H q (R x x R x ) such that d\Jx ® (oo, 0)) = 0. So there exists y G F q+1 such 

that 5 q +i (y) <8) (oo) = x (g> d± (oo, 0) = (xw — x) (£> (oo) , where u; = f 1 „ 
From the isomorphism 

F q ®Stab GL2 (oo) Z^^F q ® G L 2 C (-R 2 ), Sgl^sg (oo), 

we obtain 5 9+1 (y)®l = (x«i-s)®1 G ^q®Stab GL (oo) z - If £ = X(g><9 2 (oo,0, 1), 
then 

(idi? <8j)(z) = x ® (oo,0) + (styg - x#) (g> (oo,0). 



where j : #i(Y) --» Ci(# 2 ) and <? 



1 -1 
1 



. Consider the natural map 



Fq ®Stab GL2 (oo) Z — > ^ ®GL 2 ^(i? 2 ), S ® 1 ^ 8 <8> (oo, 0). 

Since (xw — x) (g> 1 = (xwg — xg) ® 1 in F q <8>stab GL (oo) ^> by the above map 
we have 5 q+ \(y)® (oo,0) = (xwg — xg)<gi(oo,0) G Fg®GL 2 Ci(-R 2 )- Therefore 



(id F , ® j)(z) = x ® (oo, 0) + «5 g +i(y) <8> (oo, 0). 



This completes the proof of the triviality of E 2 . 



D 



?2^ & 



From the short exact sequence -> 9 3 (C 3 ( J R 2 )) -> C 2 (i? 2 ) ^ fl"i(X) -► 
one obtains the long exact sequence 

••• -► ^!(GL 2 , C 2 (i2 2 )) ^ H 1 (GL 2 ,H 1 (X)) - H (GL 2 ,d 3 (C 3 (R 2 ))) 
- H (GL 2 ,C 2 (R 2 )) H ^ ] H {GL2,Hx(X)) - 0. 

It is easy to see that Hq(GL 2 , H\(X)) ~ Z (see formula (3) in [12]) and 
d\ = id. Thus E 2 = 0. The composition 



^-^(GLa.Cz^ 2 ))^ 5 



ffiCGLa.fTiCX)) 



#i(GL 2 ,Ci(i^)) ~R x xR y 
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is given by H\(j) o Hi (82) (a) = (a, a). Thus Hi(d 2 ) is injective. Since 
Ho(GL 2 ,C 2 (R 2 )) — Z and Hq{8 2 ) = id, the above results, together with 
(1), imply the exact sequence 

(2) 0^R X ^Hi(GL 2 ,Hi(X))^p(R)^0. 

By Lemma 3.1, Hi(GL 2 , Hi(X)) — ► ker(d\ 1 ) ~ R x is surjective and one 
can see without any difficulty that this map splits the exact sequence (2). 
Therefore 

(3) Hi(GL 2 ,Hi(X))~p(R)(BR x . 
Thus we proved the following. 

Lemma 3.2. E\ x ~ p(R). 

In order to describe a map p(R) — ► Hi(GL 2 , Hi(X)) that splits the exact 
sequence (2), we look at the following commutative diagram with exact rows 



-> Fi ® GL2 d 3 (C 3 (R 2 )) 



Ft ®gl 2 C 2 {R 2 ) 
5i®l 



Fi ®GL 2 i?l(X) 
F <8>GL 2 Hi(X) 







-> F ®gl 2 d 3 (C 3 (F 2 )) — ► F ®gl 2 C 2 (R 2 ) - 
The element [a] £ p(R) comes from 

x a := (1) ® a 3 (oo,0, 1, a" 1 ) G F ® G L 2 3 3 (C 3 (F 2 )) 

= (01) ~ (92) + (53) - (1)1 ® (00, 0, 1) G F ® G L 2 ^(i? 2 ) 



where 

5i = 
The element 

Ua 



1 
a- 1 1 



.92 



1 — a a 
a 



#3 



1 

a 



(52,5i) "(53,1) <8> (00, 0,1) G Fi ® GL2 CsOR 2 



maps to x a . And finally y a maps to 

(52,9i) "(53,1)] <g> $2(00, 0,1) G Fi ® GL2 #i(X). 

Thus a splitting map p(-R) — > -?F(GL2,-Hi(X)) can be given by sending [a] 
to the element of Hi(GL 2 , Hi(X)) represented by z a . 

Putting all these together, the F 2 -terms of our spectral sequence look as 
follow 



£0,3 
£0,2 
R x 


* 

* 
p(R) 


Z 






8 BEHROOZ MIRZAII 

By the Kiinneth theorem, H 2 (R X X R x ) ~ H 2 (R X ) © H 2 (R X ) ® R x ® R x . 
An easy calculation shows 

^1,2 : E l,2 = H 2(R X x R X ) -> #0,2 = ^2(^ x x i? x ) 
(r, s, a © 6) i— ► (— r + s,r — s, — 6 © a — a © 6). 

Therefore Eq 2 — H 2 (R X ) © {R x © -R x )o-- On the other hand, since for an 
abelian group A, H 2 (A) ~ /^A (see Lemma 3.3 below), we have 

El 2 ~ff(R x xR x )/K, 

where K = ((b, a) A(d, c) — (a,b) A(c, d)\a,b, c, d E R x ). Now an isomorphism 

(4) H 2 {R X ) @ {R x ® R x )a ^ l^{R x xR x )/K 

can be given by 

(aA&,c®d)« (a, 1) A (b, 1) + (c, 1) A (1, d). 

Here we introduce a notion that will be used later. Let G be a group and 
let 

C(S1,S2, ■■■,9n) '■= J2 S ^ n ( a )i9a(l)\9a(2)\---\9a(n)}^ H n (G), 
<r€£ n 

where gi E G pairwise commute and S n is the symmetric group of degree n. 
Here we use the bar resolution of G [I, Chapter I, Section 5] to define the 
homology of G. 

Lemma 3.3. Let G and G' be two groups. 

(i) If h\ E G commutes with all the elements gi,...,g n &G, then 

c(gih 1 ,g 2 ,...,g n ) = c(g 1 ,g 2 ,...,g n ) + c(hi,g 2 , . . . ,g n ). 

(ii) For every a E S n , c(g ff ^ , . . . , g a{ n) ) = sign(a)c(gi,g 2 , . . . ,g n ). 

(hi) The shuffle product of c(gi, . . . , g p ) E H p (G, Z) and c(g[, . . . , <?') E 
H q (G', 1) is c(( 5l , 1), . . . , ($,, 1), (l,5i), • • • , (l,fl£)) E ff p+g (G x G"). ' 

(iv) If A is an abelian group, then the map f^A — ► ^(^4) given by aAb \—> 
c(a, 6) is an isomorphism. 

Proof. The proof is standard. □ 

4. Proof of Proposition 2.1 
Lemma 4.1. The differential map d\ x : p(R) — ► H 2 {R X ) © (i? x © F X ) CT is 
given oy [a] i— ► ( a A (1 — a), —a © (1 — a) J . 

Proof. Here we argue as in [10, pp. 189-190] or [6, pp 192-193]. Consider 
the following commutative diagram with exact rows 

- + F 2 © GL2 H X (X) — > F 2 © GL2 C^tf 2 ) ^ F 2 © GL2 Cq^ 2 ) 
+ Fx © GL2 H!(X) ^i F 1 © GL2 (^(ft 2 ) — ► Fi © G L 2 ^(i? 2 ). 
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The map p(R) — ► Hi(GL 2 , H\(X)), constructed in the previous section, 
sends [a] to the element represented by z a = (32,31) — (33, 1) <8>c?2(oo, 0, 1). 
Then (1 <g) j)(z a ) is equal to 

(9291, 5?) - (9391,91) - (32,3132) + (3332,32) + (32,31) - (53,1) <8>(oo,0). 



it 



n- —1 2 —1 / —1 2 2 \ / N / G (1 — a) 

Since a L 92gi=9x9 3 , (a l gZgi,gig2) = {9392,9391) I Q Q 

is easy to see that (^(^a) (g) (00, 0) = (1 <8>i)(2 a ), where 

«« = +(5331,52,51) - (3332,9331,32) - (a _1 3233,32,3i32) 
+(«" 3 3l3|, a~ 2 9i, 1) - (a~ 3 3i3l, o" 1 ^, 1) 
+ (a~ 1 323i,«~ 1 3i,l) - (3i3 3 " 1 , a 3^ 1 , 1 ) 
+ (33,«~ 1 33, 1 )- 

(Hear by ag, a £ R x and g G GL2, we mean I J 5.) We have 

u a (g) 9i(oo,0) = (u a w - u a ) tg) (00) G F 2 (g)GL 2 Co(-R 2 ), 

] . The element of E$ >2 = H 2 (R X x i? x )/im(d} 2 ) repre- 
sented by (u a w — u a ) (g) (00) is d 2 , 1 ([«])• We recall the isomorphism 

(5) H 2 (GL 2 ,C (R 2 ))^H 2 (B), 

. This is described on the chain 



where w 



where B := Stabci^ 00 ) = 
level by 

F* ®gl 2 C (R 2 



R x R 
R x 



F, 



* WB 



y (g> (00) 1— > y (g> 1. 



Let F*(B) — >• Z be the standard resolution of Z over £>. An augmented pre- 
serving chain map of S-resolutions 4>* : F* — ► F*(B) is obtained as follows: 
Let s : GL2/-B — > GL2 be any (set-theoretic) section of the canonical pro- 
jection 7r : GL2 — ► GL 2 /B. For g G GL2, set g = (s o Tr(g))~ 1 g. Then 



<f>n(go,---,g n ) = (go,...,g n ). 



By choosing the section 



5(3^) 



(1 

w 



1 
6 1 



if fif(oo) = OO 
if 0(00) =0 

if 3(00) = &~\ 
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we have 



a 



g if g(oo) =00 

wg if g(oo) = 

( \ \)9 if5M=6- ] 



Thus on the chain level we have the following map 

F n ®gu Cq(R 2 ) ->• F n (B) ® B Z, (50, • • • ,5n) ® (oo) »-> (<fo, . . . ,<fo) <8> 1, 
which induces the isomorphism (5) on homology. The diagonal inclusion 
R x x R x — ► B splits by the map p : B ^ R x x R x , ( , ) i-> (ci,b). 

This induces an isomorphism H 2 (B) -^ H2{R X X i? x ), which is inverse to 
the isomorphism H 2 {R X x i? x ) ^ H 2 (B), obtained by a theorem of Suslin 
[20, Theorem 1.9]. 

Let B*(G) — ► Z and F*(G) — > Z be the bar and the standard resolutions 
of Z over a group G, respectively. Then the map 

F n (G) -> S n (G0, (50, • • • ,5n) ^ [ffOS-r 1 !^^ 1 ! • • • \9n-29n-l\9n-l9n 1 ] 

induces the identity map of H*{G). Now if we follow the isomorphisms 
H 2 (GL 2 , C (F 2 )) -=+ H 2 {F*{B) ® B Z) -=+ H 2 (F*(R X x i? x ) ® ( 



H 2 {B,{R X x J R X ) ® (B x xfl x) Z) = F 2 ( J R X x J R X ; 



^(RXxi?*) 

^ n/nX„ nX' 

• ) (_RXx_R x ) 

then by a direct computation one sees that (u a w — u a ) ® (00) maps to 

X a = -[(-a.a-iJK-l.o)] + [(a- 1 ,a)|(a,l)] + [(-a" 1 ^ 2 )!^^" 1 )] 
-[(o.lJKa- 1 ^)] + [(a- 1 ,a)|(-l,a)] - [(a,0|(l,a)] 
-[(a" 1 , a)|(a" 2 (l - a) 2 , 1)] + [(a,^ 1 )^ 1 , -a"^ - a) 2 )] 
+ [(a- 2 (l-a) 2 ,l)|(a- 1 ,a)]-[(a- 1 ,-a- 1 (l-a) 2 )|(a,a- 1 )] 
-[(a, lJKo-^o - 1), a" 1 (a - 1))] + [(1, a)\(a"\-a" l (a - l) 2 )] 
+[(a- 1 (« " 1), a" 1 (a - l))|(o, 1)] - [(a" 1 , -a" 1 ^ - 1) 2 )|(1, a)] 
-[(o,l)|(a- 1 ,o)] + [(l,o)|(o,o- 1 )]. 

Using the fact that 

5 3 ([(a-\a)\(-l,a)\(-a,a^)}) = [(-l,a)\(-a,a- l )} + l(a-\a)\(a,l)}- 

[(-a-i^^K-a,^ 1 )] - [(a- 1 ,a)|(-l,a)], 

we see that 
X a = +c((-l, a), (-a, a- 1 )) + 2c((a~ 1 , a), (a, 1)) + c((l, a), (a, a" 1 )) 
+c((a" 2 (l - a) 2 , 1), (a-\a)) + c((a, a" 1 ), (a -1 , -a -1 ^ - a) 2 )) 
+c((a- 1 (a - 1), aT l {a - 1)), (a, 1)) + c((l, a), (a"\ -a" 1 ^ - l) 2 ))- 

By an easy computation we see that under the map 

H 2 {R X xR x )^ El 2 ~ /\ 2 ( J R X x R x )/K, 

X a maps to (a, 1) A (1 — a, 1) — (a, 1) A (1, 1 — a) (see Lemma 3.3). Now the 
claim follows from the isomorphism (4). □ 
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As a corollary, we give a homological proof of a theorem of W. van der 
Kallen [23]. 

Corollary 4.2. Let R be a commutative ring with many units. Then 

K 2 {R)~K™{R). 

Proof. By an easy analysis of the above spectral sequence, and Lemma 1.5, 
one sees that 

i? 2 (GL 2 ) ~ E$ ~ H 2 (R x )(B(R x ®R x ) a /((aA(l-a), -o®(l-o))|a € R x ). 

From the maps 

H 2 (R X )^E^ 2 , x»(x,0), 

Eq2 -> H 2 (R X ), (x,c®d)^x + cAd, 

k¥(R)->Eo2i {a,b}^(aAb,-a®b), 

E™ - K?(R), (x, c ® d) » -{c, d}, 

we obtain the decomposition 

H 2 (GL 2 )^H 2 (R x )eKi { (R). 

From the corresponding Lyndon-Hochschild-Serre spectral sequence of the 

extension 1 — > SL — ► GL — > i? x — ► 1, using the fact that SKi(i2) := 
SL/E(R) = [13, Proposition 2], we obtain the decomposition 

ff 2 (GL) ~ H 2 {R X ) K 2 {R). 

Here E(R) is the elementary subgroup of GL. To obtain the above decompo- 
sition we use the fact that E(R) is a perfect group, and K 2 (R) = H 2 {E(R)). 
Now the claim follows from the homology stability theorem H 2 (GL 2 ) ~ 
F 2 (GL) [9, Theorem 1]. □ 

Now we are ready to prove Proposition 2.1. 

Proof of Proposition 2.1. The spectral sequence studied in the above, implies 
the exact sequence 

£ 2 3 -► tf 3 (GL 2 ) - B(R) -► 0. 

One can show without difficulty that the map H^(GL 2 ) — ► B{R) coincides 
with the one obtained in Section 2. The rest follows from the fact that Eq 3 = 
H 3 (R x xR x )/im(dl 3 ). □ 

5. BLOCH-WIGNER EXACT SEQUENCE 

We are now ready to prove our main theorem, which can be considered 
as a generalization of the known Bloch-Wigner theorem. 

Theorem 5.1. Let R be a commutative ring with many units. We have the 
exact sequence 

TorfOfl,/^) -► H 3 (SL 2 (R),Z) - B{R) - 0, 
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where H 3 (SL 2 (R),Z) := H 3 {GL 2 )/im(H 3 (R x ) © R x © H 2 (R X )). 

When R is an integral domain, then the left hand side map in the above 
exact sequence is injective. 

Proof. Consider the exact sequence 



E, 



0,3 



H 3 (GL 2 ) -> B(R) -> 



(see the proof of Proposition 2.1 in the previous section). To describe Eq 3 , 
let M = H 3 {R X ) © H 3 (R X ) © R x © H 2 {R X ) © H 2 {R X ) © R x . We have the 
following commutative diagram with exact rows 







M 



dl3\M 



H 3 {R X x R> 



4,3 



Toif (fi R ,fi R ) 







M — ► H 3 (R x xR x ) — TbrfO^,/^) 0. 

Here the exact rows follow from the Kiinneth theorem and z/ is induced in 
a natural way. We also have 

d 13 \M : (r, s, a © r', s' © 6) h-> 

(— r + s, r — s, — a © r' + b © s', r' © a — s' © 6). 

So the Snake lemma implies the exact sequence 



(6) 



N 



E* -► Tbr?(/z fl ,Mfl)/im(i/) -► 0, 



where iV ~ H 3 {R X ) © i? x © H 2 (R X ). From the commutative diagram 

N -=» N 



^o,3 — ^3(GL 2 ) - + B{R) — 0, 
we obtain the exact sequence 

£ 2 3 /iV - # 3 (GL 2 )/iV - J3(22) - 0. 

Now the first claim follows from the exact sequence (6). To complete the 
proof, for an integral domain R we must prove the injectivity of 

TorfGu K)/ x R )^iI 3 (SL 2 ). 

Denote by F the algebraic closure of the quotient field F of R. Since the 
homomorphism 

TorfOR,/^) -> Torf F , // F ) 

is injective, we may replace R with the field F. We know that for an alge- 
braically closed field F, H 3 (SL 2 {F)) ~ H 3 (SL 2 (F)) (see the proof of Corol- 
lary 5.4 below) and K 3 (F)' md ~ H 3 (SL 2 (F)) [14, Proposition 6.4]. But 
torsion elements of K 3 (F) md are known by a result of Suslin [18], [19]. □ 
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Remark 5.2. (i) The main results of this paper, Proposition 2.1 and Theorem 
5.1, remain true over non-commutative rings with many units. 

Let R be a non-commutative ring with many units (see [14, §2], ['.), §1]). 
Let p(-R) be the quotient of the free abelian group Q(R), defined as in Section 
1, to the subgroup generated by 

[aba" 1 } - [b], 

[a] - [b] + [a' l b] - [(1 - 6- 1 )" 1 (l - a- 1 )] + [(1 - 6)^(1 - a)], 

where a, 1 — a, b, 1 — b, a — b £ R x . We define B(R) as the kernel of the map 

A : p{R) -> {K X {R) © Ki(R)) 9 , [a] -»■ a ® (1 - a). 

Since K^{R) ~ (A"i(i?) © K 1 (R)) a /(a © (1 - o)|o, 1 - a G K X (R)), we have 
the exact sequence 

-► B(R) -» p(i?) A (Ifi(lJ) © IfiOR))* -> A 2 M (i?) -» 0. 

Note that by the homology stability theorem [9, Theorem 1], K\(R) ~ 
R x /[R x , i? x ]. Moreover Lemmas 3.1 and 3.2 are valid, £? = 0, p > 0, and 

J ffi(GL 2 ,i7 1 (X))~p(^)©A 1 ( J R). 

We also have E% 2 ~ # 2 (i? x ) © (#i(#) ® #i(.R))<r and 

4i : p(fl) -► F 2 (i? x ) © (Kx(i?) © ifi(i2)) ff 



is given by [a] i— > I c(a, 1 — a), —a© (1 — a) I . Thus we have the isomorphism 
B(R) ~ H 3(GL 2 ) / 'Hs{R x x R x ) and the Bloch-Wigner exact sequence 
Tor?(lifi (fl), #!(#)) -► F 3 (SL 2 (i?),Z) -► B(i2) -► 0. 

(ii) For a non-commutative ring i?, K\ (R) and i^ 2 (i?) are not isomorph 
in general. For more information in this direction see [9, Theorem 4.2.1]. 

Let R x © H 2 (R X ) -> F 3 (GL 2 ), a © (6 A c) i-> a U (6 A c) be the shuffle 
product. Note that 

a U (6 A c) = c(diag(a, 1), diag(l, b), diag(l, c)). 

Let $ : J R X © K 2 M (-R) -»■ # 3 (GL 2 ) be defined by 

a © {6, c} i— > c(diag(a, a), diag(6, l),diag(c, c© 1 )). 

Lemma 5.3. Let inc : i? x — ► GL 2 6e i/ie natural inclusion. Then in 
-ff 3 (GL 2 ) we have 

$(a©{6,c}) = F 3 (inc)(c(a,6,c)) - c U (a A b) + aU (6 A c) + & U (a A c), 

2 a U (6 A c) = 2 iT 3 (inc) (c(a, 6, c)) + $ (6 © {a, c} - c © {a, 6}) . 

Proof. These are direct computations. □ 

The following corollary justifies why we call Theorem 5.1 a generalization 
of the Bloch-Wigner theorem. 
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Corollary 5.4. Let R be a commutative ring with many units. 
(i) Then 

Torf (M*,A*fl)z[i/2] - F 3 (SL 2 ,Z[l/2]) flx -► B(R) z[1/2] - 

is exact. 

(ii) IfR x =R x2 , then 

Torf (fin,^) -► # 3 (SL 2 ) - fl(fl) -► 

is exact. 

Moreover when R is a domain, then the left hand side maps in the above 
exact sequences are injective. 

Proof. From the corresponding Lyndon-Hochschild-Serre spectral sequence 

dct 

of the extension 1 — ► SL 2 — ► GL 2 — > R — ► 1, we obtain the exact sequence 

# 2 (-R , i? 2 (SL 2 )) — > if3(SL 2 ) i jx — > 

H 3 (GL 2 )/H 3 (R X ) -► F!(i2 x ,i/ 2 (SL 2 )) - 0. 

(i) The map 7 : i? x x SL 2 — » GL 2 , (a, 5) 1— »• ag induces an isomorphism 
of homology groups H 3 (R X x SL 2 ,Z[l/2]) R x -=+ iJ 3 (GL 2 ,Z[l/2]) (see the 
proof of Theorem 6.1 in [14] or proof of Corollary 1 in [13]). So by the 
Kiinneth theorem, iT 3 (SL 2 , Z[l/2])#x ■— > i7 3 (GL 2 , Z[l/2]). One can also see 
that 

H 1 (R x ,H 2 (SL 2 ,Z[l/2})) ~i/ 1 ( J R x ,^ 2 (SL,Z[l/2])) ~ (R x ® K™ {R)) z[1/2] . 

See [13, Lemma 2] or the proof of Corollary 6.2 in [14] for a proof of the first 
isomorphism. Note that we use Corollary 4.2 for the second isomorphism. 
Thus we obtained the exact sequence 

0^F 3 (SL 2 ,Z[l/2]) /? x -► #3(GL 2 ,Z[l/2])/tf 3 CR x ,Z[l/2]) 

^(i? x <g>#f(i?)) z[1/2] ^0. 

We show that the map 

(R x ®K?(R)) z[1/2] ^ tf 3 (GL 2 ,Z[l/2])/tf 3 (i? x ,Z[l/2]), 

a® {b, c} i-> -c(diag(a,a),diag(&, 1), diag(c, c" 1 )), 

splits the above exact sequence. In order to verify this, consider the following 
commutative diagram with exact rows 

- flg(SL2,Z[l/2]) fl x — S 2 — (# x ® X 2 M (i?)) z[ i/ 2] - 



- tf 3 (SL, Z[l/2]) -► (i? x ® KM(R)) z[1/2] -► 0, 

where S^ := ff 3 (GLj,Z[l/2])/f/' 3 (i? x ,Z[l/2]). The second exact sequence 
can be obtained similar to the first one. Consider the homotopy equivalence 

BGL + ~ 5# x x £SL+ 
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(see [21, Lemma 5.3] or [1, Remark 2.1]). The homology stability theorem 
and the Kiinneth theorem imply 

H 3 (GL 3 ) ~ H 3 (GL) ~ H 3 (SL) © R x © K?(R) © H 3 (R X ). 

It is easy to see that the embedding R x © K^ 1 (R) — ► H 3 (GL) is induced by 

a © {b, c} *-> c(diag(a, 1, l),diag(l,6, l),diag(l,c, c" 1 )), 

and that it splits the second exact sequence in the above diagram. The 
image of c(diag(a, a), diag(6, l),diag(c, c -1 )) in H 3 (GL 3 ) is equal to 

c(diag(a, 1, a" 1 ), diag(6, 6 -1 , 1), diag(c, 1, c" 1 )) 

+c(diag(o 2 , 1, 1), diag(l, b, 1), diag(l, c, c -1 )). 

The rest is easy to verify. Now using Lemma 5.3, it is easy to see that 

tf 3 (SL 2 ,Z[l/2]) R x ~ fl- 3 (GL 2 ,Z[l/2])/im(L z[1/2] ), 

where L := H 3 (R X ) ® R x © H 2 {R X ). 

(ii) The map 7 induces the short exact sequence 

1 -» fMi,R -» ^ x x SL 2 -> GL 2 -» 1, 

and we consider its corresponding spectral sequence, 

£p,q = Hp(GL2, H q (fJ,2)) => H p+q (R x SL 2 ). 

Using the fact that H2(R X ) and K^ 1 (R) are uniquely 2-divisible (see the 
proof of Proposition 1.2 in [2]), we have the following £ 2 - terms: 

* 

H 3 ((i2) * 

#2(^2) * * 

(J, 2 ToTi({J, R ,H2,r) * * 

Z R x H 2 {GL 2 ) H 3 (GL 2 ) H 4 (GL 2 ). 

By an easy analysis of this spectral sequence, one sees that, the kernel of 
iJ 3 (SL2) — * -ff 3 (GL 2 ) is torsion of exponent 4. On the other hand 

H 2 (R X ,H 2 (SL2)) ~ H 2 {R X ) © # 2 (SL 2 ) © Torf (^ 1 ( J R x ),if 2 (SL 2 )) 
~ H 2 (R X ) © R-M(R) © Tor? (ji^K? (R)). 

Since H 2 {R X ) © K^(R) and Tor? (fi R ; , Kf (R) ) are uniquely 2-divisible, [5 
must be a trivial map. This implies that iJ 3 (SL 2 ) — ► ff 3 (GL 2 ) / H 3 (R X ) is 
injective. The rest of the proof is similar to the proof of the part (i), since 

H 1 (R X ,H 2 (SL 2 )) ~ R x ©K 2 M (i?). 

Here a splitting map R x © K^ 1 (R) — >■ H 3 (GL2)/H 3 (R X ) can be given by 
the formula 

a© {b, c} i-> c(diag(y / «, v / «))diag(6, l),diag(c, c -1 )). 

□ 
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Corollary 5.5. Let k be an algebraically closed field q/char(/c) 7^ 2. Let R 
be the ring of dual numbers k[e] or a henselian local ring with residue field 
k. 

(i) Then we have the following exact sequence 

Tbrf (M*,Mii) -► ^3(SL 2 ) - B(R) -► 0. 

If R is a henselian domain, then the left hand side map in this exact sequence 
is injective. 

(ii) If char(/c) = 0, then ^(SL^) — K 3 (R) ind . Furthermore, if R is a 
k-algebra, then we have the exact sequence 

-> Torf (^, /x R ) -> J fC 3 (^) ind -► B(J?) -> 0. 

Proof. Since char(/c) 7^ 2, i? x = i? x (use Hensel's lemma, when R is 
henselian). Thus the first part follows from Theorem 5.1 and Corollary 
5.4. The proof of the isomorphism i^SL^) — K 3 (R) md is similar to the 
proof of Proposition 6.4(iii) in [14]. To prove Proposition 6.4(iii) in [14], 
we used Theorems 5.4(iii) and 6.1(iii) in [1 1]. Note that these theorems are 
also valid for rings considered here, with almost the same proofs, once we 
make sure that Proposition 4.1 in [14] is valid as well. But the proof of this 
proposition follows mutatis mutandis as in [14], noting that here jjlr — fj,^. If 
R is the ring of dual numbers k[e], the isomorphism /ir ~ fj,f. follows from a 
direct computation. If R is a local henselian ring, this follows from Hensel's 
lemma. In both cases we need the condition char(/c) = 0. To complete the 
proof, we have to show that if R is a /c-algebra, then 

Torf( Mfe , Mfe ) ^K 3 (Rr d 

is injective. In this case, K 3 (k) md is a direct summand of K^(R) md and 
the above map factors through K 3 (k) md . Thus the injectivity claim can be 
proved as in the last paragraph of page 189 in [6]. This also follows from a 
result of Suslin in [21] or [19]. □ 

Remark 5.6. Corollary 5.5 remains true if k is an infinite field such that 
k x = k x and char(A;) / 2. 

6. Relative bloch-wigner exact sequence 

For a functor T : TZings — > Ab, from the category of rings to the category 

of abelian groups, we set T{R[e], (e)) := ker(J r (R[e\) — ► T{R)). 

Proposition 6.1. (i) Let R[e] be the ring of dual numbers, where R is a ring 
with many units. Then we have the relative Bloch-Wigner exact sequence 

0^K 3 (R[e], < e »jf - p(R[e], <c» Q -/\ a (fl[e], <e»$ -+K 2 (R[e] t <e» Q - 0. 

(ii) Let k be an algebraically closed field o/char(A;) = 0. Then we have the 
relative Bloch-Wigner exact sequence 

- K 3 (k[e], <e)) ind - p(k[e], (e)) - /\ 2 (k[e], (e)) x - K 2 (k[e], (e)) - 0. 
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Proof. The ring R[e] is a ring with many units [8, Proposition 2.5]. Consider 
the following diagram with exact rows 



— ► K 3 (R 



[e])5 d — > p(i? 



A 2 i?[e]^ — > K 2 (i2[e])Q — 



— > A 3 (i?)jf — > p(i?) Q — A 2 «q — # 2 (12)q - 0. 

The exact rows follow from Corollary 5.4 and [14, Proposition 6.4], [7, Theo- 
rem 2.2]. The vertical maps are surjective. We can break the above diagram 
into two diagrams with rows that are short exact sequences. Now the part 
(i) follows from the Snake lemma. The proof of (ii) is analogue. Here one 
has to use Corollary 5.5(h). □ 

Remark 6.2. (i) For a commutative ring R, the relative group K2(R[e], (e)) 
is studied by W. van der Kallen in terms of generators and relations [22]. 
As a special case, he proves that when | G R, then K2(R[e], (e)) ~ ^\i%- 

(ii) The relative group K 3 (R[e\, (e))o d is studied in [8] in terms of homol- 
ogy of linear groups. 

(hi) For a held k, the groups p(k[e],(e}) and K3(k[e],(e)) are studied 
by Cathelineau in [5]. 

Corollary 6.3. Let k be an algebraically closed field of char (k) = 0. Let R 
be a henselian local k-algebra with residue ring R/m ~ k. For a functor T : 
IZings — ► Ab, define the relative group F(R,TO) := kei(j r (R) — ► J 7 (R/m)). 
Then we have the relative Bloch-Wigner exact sequence 

0^K 3 (R,m) ind ->p(R,m) ^/\ 2 (A,m) x -^K 2 (R,m) -► 0. 

Proof. The proof is similar to the proof of Proposition 6.1. □ 
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